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1. INTRODUCTION 
The differential equation to be studied is of the form 
L,Y+PY=o, 
where the differential operator L, is defined by 
(El 
L,Y=r,(x)Y, Liy=ri(X)~Li~,y, i = 1, 2 ,..., n. (1) 
The functions r o, , ,..., r, are assumed to be continuous and positive, and p r 




r;‘(x)&= 03, i = 1, 2 ,..., n - 1, (2) 
without loss of generality [ 10, 171. 
In seeking and stating certain results, it is convenient to have a notation to 
identify the four cases (i) n even, p > 0, (ii) n odd, p > 0, (iii) n even, p < 0, 
and (iv) n odd, p < 0. Equation (E) satisfying (i), for example, is denoted by 
(Ei); (Eii), (Eiii), and (Ei,) are similarly defined. 
It is easily seen that the quasi-derivatives L, y, i= 0, l,..., n - 1, of a 
nonoscillatory solution y (i.e., y & 0 and y has a finite number of zeros on 
[a, co)) of Eq. (E) are of constant sign for sufficiently large x. How the signs 
may change in the sequence L, y, L, y,..., L,-, y is prescribed by the 
following Lemma. 
LEMMA 1 [9, lo]. Let y be a nonoscillatory solution of Eq. (E) such that 
y > 0 on [b, a) for some b > a. Define [K] to be the greatest integer less 
than or equal to K. 
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If y is a solution of (Ei) or (Ei,), there exists an integer j, 
0 <j ,< [(n - 1)/2], such that 
&Y > 0, 
on [c, co) for some c > b, 
i = 0, I,..., 2j, (3) 
(-l)‘+‘&y > 0, i = 2j + l,..., n - 1, (4) 
on [b, oo), Liy(x)-t cqi=O, l,..., 2j- 1, and Liy(x)+ 0, i = 2j + 2 ,..., 
n-l,asx-+oo. 
If y is a solution of (Eii) or (Eiii), there exists an integer j, 0 <j < [n/2], 
such that 
LiY > O> i = 0, l,..., 2j - 1, (5) 
on [c, 0o)for some c > b, 
(-l)‘Lj y > 0, i = Zj,..., n - 1, (6) 
on [b, OO), Liy(x)+ 00, i= 0, l,..., 2j- 2, and Liy(x)-+ 0, i = 2j + l,..., 
It-l,asx+a. 
A nonoscillatory solution y of (EJ or (Ei,) is said to belong to class Aj if 
y or -y satisfies (3) and (4), 0 <j < [(n - 1)/2]. Similarly, a nonoscillatory 
solution y of (Eii) or (Eiii) is said to belong to class Aj if y or -y satisfies (5) 
and (6), 0 <j < [n/2] [9,101. 
Various asymptotic properties of solutions belonging to class A, have been 
studied [6, 11, 12, 161 and results obtained in terms of the iterated integrals 
defined as follows: Put 
r,,(t) = ri% O<m,<n, 
Vim(t) = r?(t) I t Vi- l,m(S) ds, 
O,<m<i<n, 
n 
rlmw = rnm(o~ 
4,,(t, a) = G’(t), O<m<n, 
~i~(t,a)=rr’(t)~~~i+l.,(S,a)dS, O<i<m<n, 
These integrals also play an important role in the formulation and proof of 
comparison theorems to be considered in Section 2. 
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Equation (E) is said to be k - (n - k) disfocal on an interval I if for every 
pair of points b, c E 1, b < c, the only solution satisfying the boundary con- 
ditions 
L,y(b) = ..* = Lkely(b) = 0 = LkY(C) = .*a =L,-,Y(C) 
is the trivial one. It suffices to consider only those values of n - k for which 
(-1)“-kp(x) < 0; P> 
this is known as the parity condition [ 131. 
In Section 2 we shall prove Hille-Wintner-type comparison theorems for 
the k - (n - k) disfocality of Eq. (E). A number of generalizations of the 
classical Hille-Wintner comparison theorem [7, 181 have been obtained by 
Taam [ 151, Butler [ 11, Elias [2], and Erbe [5] among others. 
Because (E) is eventually k - (n -k) disfocal on [a, co) (i.e., (E) is 
k - (n - k) disfocal on [b, co) for some b > a) if and only if A,,,,] is 
nonempty [lo], any comparison theorem for the k - (n - k) disfocality of 
(E) on [a, co) may be stated as a comparison theorem for class Aj. 
2. COMPARISON THEOREMS 
Let po, p1 ,..., p, be continuous and positive on [a, a~) and let 4 be 
continuous and of constant sign on [a, co). In this section we shall prove 
Hille-Wintner-type comparison theorems for the k - (n - k) disfocality of 
(E) and the equation 
z,w+qw=o, (7) 
where 2, is defined as in (1) with the ri)s replaced by the pi’s, i.e., 
Low = pow, ziw = pi(x)(d/dx) L”,.- 1 w, i = 1,2 ,..., n. As a first step we prove 
a comparison theorem for the 1 - (n - 1) disfocality. 
THEOREM 1. Assume that 
(I) sgnp = sgn 4, 
(II) pi>ri, i=l,2 ,..., n- 1, (8) 
‘m I!?(s)1 
(III) L P&>P,(S) 
ds< O” Ip( ds 
’ x I ro(s) r,(s) * 
If Eq. (E) is 1 - (n - 1) disfocul on (a, a), so is Eq. (7). 
Proof: Due to the parity condition (P), we only need to consider (Ei) and 
(Ei,). We shall prove the theorem for (Ei,) using a method of successive 
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approximations [5, 141. Since (Ei,) is 1 - (n - 1) disfocal on (a, co), it is 
1 - (n - 1) disfocal on [a, co) [3]. Therefore, (Ei,) has a solution y such 
that 
L,Y > 0, 
on (a, 00) [lo]. Let 
(-l)‘+&y > 0, i = 1) 2 )...) n - 1, 
then 
on (a, co) and 
LiY ui=L,y’ i = 1, 2,..., n - 1; 
t-11 i+ hi > 0, i = 1, 2 ,..., n - 1, 





by Lemma 1. 
Differentiating ui, i = 1, 2 ,..., n - 1, we get 
%+I ‘i”l 
u!=--- 
I > i = 1, 2 )..., n - 2, 
ri+1 r1 
and 
P %-IUI u;-,=----, 
ro r” r1 
Integrate the above system of differential equations from x to co and 
substitute (11) in the resulting expressions to get 
u,(x) = K + 
i 
Xm (r;l(s) u:(s) - r;‘(s) uz(s)) ds, 
ui(X) = 
I 
g, (r;‘(S) uI(S) uf(S) - rG’l’,(S) ui+ I(S)) d& 
x 
(12) 
i = 2, 3 ,..., n - 2, 
r;‘(s) u,(s) u,-I(s) ds f 
I 
mp(s)(ro(s) rJs)]-l ds. 
x 
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Evidently, the functions ui, i = 1, 2,..., II - 1, defined in (9) in terms of the 
solution y of (Ei,) and its quasi-derivatives are a solution of the integral 
system (12). We shall prove that the corresponding integral system (with 
K = 0) associated with Eq. (7) 
‘itx>= xm @~l(s)v~(s)vi(s)~Pi+l~(s)vi+~(s))ds~ i 
i = 1, 2 ,..., n - 2, (13) 
v,-,(x) = I:’ P;i(s)v,(s)v,-,(s)ds+ I a, q@)bo(s) P”(S)1 - d& x 
has a solution and it can be obtained by the following successive approx- 
imations scheme. Let 
and, for m > 1, 
vi,O(x) = ui(x>Y i = 1, 2 ,..., n - 1, 




i= 1, 2 ,..., n - 2, 
Recalling that n is odd, p < 0, and q < 0 and using (8) and (lo), we obtain 
00 > i r;’ uIu,-, ds +mp(q,qJ1 ds x i 
x =I4 “-l(x)= V”-,,O(X>¶ 
i.e., 
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xm [r;‘u, . (-l)‘+‘u,.- r;+rl . (-l)‘+l~itl] ds 
= (-l)‘+‘zQ(x) = (-l)i’ lui,o(x), 
i.e., 




= u,(x) = Al,&>. 
Repeating the above steps, we may successively prove that 
0 < (-l)‘+‘vi,m+l < (-l)i+‘ui,m < (-l)i+$, 
i = 1, 2,..., n - 1, m = 0, l,.... On every compact subinterval J of (a, co), each 
of the monotone sequences (zI~,~}~=~, i= 1, 2,..., it - 1, is uniformly 
bounded and equicontinuous; thus, each sequence converges uniformly on J. 
Let 
vi= lim Vim, 
m+m ’ 
i = 1, 2 ,..., n - 1. 
Then ui, i= 1, 2,..., n - 1, is a solution of system (13) on J and 
(-1) i+ lUi > 0, i = 1, 2 ,..., n - 1. 
Since q < 0, it follows from the last equation of (13) that II,- 1 < 0 and 
successively we can conclude from (13) the inequalities 
(-l)i+l ui(x) > OP xEJ, i=l,2 ,..., n-l. 
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It is easily confirmed that 
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is a solution of Eq. (7) satisfying the inequalities 
&v>o, (-l)‘+‘&V > 0, i = 1, 2 )...) n - 1) 
on J. Therefore, Eq. (7) with n odd and q < 0 is 1 - (n - 1) disfocal on 
(a, co) [2]. This completes the proof for (E,“). Proof for (Ei) is similar. 
According to a result of Nehari [ 131, Eq. (E) is k - (n - k) disfocal if and 
only if its adjoint equation (E*) is (n - k) - k disfocal, where (E*) is 
defined as 
(-l)“L,*u+pu=O, 
L,* v = r,(x) U, L:v=rn-i(x,f(L:_IU), i = 1, 2 )...) n. 
In view of this result, Theorem 1 has the following corollary. 
COROLLARY 1. Assume that (I), (II), and (III) in (8) hold. If Eq. (E) is 
(n - 1) - 1 disfocal on (a, co), so is Eq. (7). 
It s&ices to consider equations with p > 0 and q > 0 in the above corollary, 
because of the parity condition (P). 
In order to establish comparison theorems for the general k - (n -k) 
disfocality, we require results connecting disfocalities of equations of 
different order. For the equation y(“) + py = 0, Jones [8] proved a series of 
results of this kind. He showed, for instance, that if y(“) +py = 0 is 
(n - k) - k disfocal on [0, co) (with k odd for p positive and k even for p 
negative), then 
Y (n-1) + A,=0 
is eventually (n - k - 1) - k disfocal. This result has been recently extended 
to the more general equation (E). Elias [4], generalizing an inequality of 
Kiguradze, proved: If the function y satisfies 
&Y(U) > Q-9 L,-, Y(U) > 0, 
(-l)'-kLjy(X)>O, u<x<b, 
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where j is a fixed integer, j > k, then the determinant 
t=O ,..., k, on [a, b], where #i = pi, i = k ,..., j - 1. Moreover, using (14), 
he obtained a result which may be stated as follows: 
THEOREM 2 [4]. If Eq. (E) is k - (n - k) disfocal on (a, co), then the 
mth-order equation 
h M,U+ 4n-mTPpU=0, n--m(k, 
where M,u = r,,-,u, MiU= r,-,+I(Mi-,~)‘, i= 1,2 ,..., m, 2<m< n, is 
(m - n + k) - (n - k) disfocal on (a, to). 
Theorem 2 allows us to conclude certain disfocality of a lower-order 
equation from the given disfocality of a higher-order equation. Our next 
theorem enables us to draw similar conclusions in the other direction. 
THEOREM 3. If the equation 
M,u+qu=O, m < n, (15) 
where MOu=r,,-,,,u, Miu=r,-,+i(Mi-lu)‘, i=l,2 ,..., m, is l-(m-Z) 
disfocal on (a, az), then the equation 
L 
n 
y + Ll,n-??I+/4 
Lm+,-l qy = O 
(16) 
is (n - m + I) - (m - Z) disfocul on (a, 00). 
Proof Since Eq. (15) is Z- (m - I) disfocal on (a, co), it is Z - (m - I) 
disfocal on [a, co) [3], and it has a solution u such that 
MiU(a)=O, MiU > 0, i = 0, l,..., Z - 1, 
(-l)‘-‘M,u > 0, i = l,..., m - 1, 
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on (a, co) [lo]. Put 
Then 
i = 0, I,..., n-m- 1, and 
LmY= r,-,u=M,u, L,-,+,y=M,u )...) L.y=M,u=-qu. 
Hence, 
and 
LY qu P-0 JL?lY 
-=--=---9 
Y Y r,-* LOY 
(17) 
LiY(a)=07 LiY>“v i = 0, l,..., n-m+l-I, 
(-l)‘-“+*-‘Liy > 0, i = n - m + I,..., n - 1, 
(18) 
on (a, a~). Applying (14) to -y with k =j - 1 = n - m + I- 1, we get 
LtY wn-m+L1 
L,+,Y Lt+l!Lm+r-1 
< 0, t = 0, l,..., n-m+Z-1, 
or equivalently, 
4,lY > Lt+lh-In+,-, 
LtY ’ h4-In+,-1 ’ 
t = 0, l,..., n-m+l-I, 
on [a, 00). From the above inequalities, we get 
L 22 “-I?8 kHdL?l+,-1 
LOY Lo!Lm+r-1 ’ 
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and consequently, 
(+?-l+l v(fgm; > (+?-l+l ~~n-ryLn+r-1 
0 n-m n-m+/-1 
= (-1)m-‘+’ Lm,n-In+,-l q ~ _ _ ) 
n m+l 1 
by virtue of the parity condition (-1)“-‘q < 0. Substituting the above 
inequality in (17) yields 
(19) 
We therefore conclude from (18) and (19) that Eq. (16) is 
(n - m + 1) - (m - E) disfocal on (a, &) [2,4]. 
Suppose that the equation 
L,y+ 
rm-I+1 
mm-,+Ipy=o r . 
(20) 
is (m - I) - I disfocal on (a, co), then its adjoint equation 
L,* y + (-1)” VUm-“’ 
m,m-1+1 py=o 
is I- (m - I) disfocal on (a, co). Hence, by Theorem 3, the equation 
L,*y+ (-l)mpy=O 
is (n - m + I) - (m - I) disfocal, i.e., 
L,y+ (-l)“‘“py=O (21) 
is (m - 1) - (n - m + I) disfocal on (a, 00). 
Thus, we have proved 
THEOREM 4. If Eq. (20) is (m - 1) - 1 disficul on (a, co), then Eq. (21) 
is (m - I) - (n - m + I) disfocul on (a, to). 
Theorems 2 and 4 generalize Theorems 4 and 3, respectively, of Jones [8]. 
As our last result we prove a Hille-Wintner-type comparison theorem for 
the k - (n - k) disfocality. 
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THEOREM 5. Assume that 
(I) sgnp = w 4, 
(II’) pi>ri, i=k ,..., n- 1, 
where v/k- 1 is defined as #k-, with the ri’s replaced by the pi)s. If Eq. (E) is 
k - (n - k) disfocal on (a, co), so is Eq. (7). 
Prooj If Eq. (E) is k - (n - k) disfocal on (a, co), then the equation 
Qk M - n-k+lU + $k-,,kPU =’ (22) 
is 1 - (n - k) disfocal on (a, 00) by Theorem 2. Since M,u = rk- 1 u, 
Miu=rk-l+i(Mi-,u)‘, i= 1,2 ,..., n - k + 1, conditions (II’) and (III’) are 
readily seen to be conditions (II) and (III), respectively, of Theorem 1, 
corresponding to Eq. (22) and the equation 
A2 “-k+fU+Pk-l~k-,qU=O, (23) 
where the differential operator I@~-~+, is defined as Mnmk+ i with the ri’s 
replaced by the pi’s. Hence, Eq. (23) is I - (n - k) disfocal on (a, co) by 
Theorem 1 and finally Eq. (7) is k - (n - k) disfocal on (a, co) by 
Theorem 3. 
Remark. 1, Since Eq. (E) is k - (n - k) disfocal on [a, co) if it is 
k - (n - k) disfocal on (a, co) [3], the interval (a, co) may be replaced by 
[a, co) in Theorem 5. 
2. The word “disfocal” may be replaced by “disconjugate” in 
Theorem 5 because these two concepts are equivalent, provided condition (2) 
holds [3]. 
3. Eq. (E) is k - (n - k) disfocal on [b, 00) for some b > a if and only 
. . 
if its class Alk,21 is nonempty [lo]. Thus, Theorem 5 may be stated as a 
comparison theorem for the class Aj: Assume that (I), (II’), and (III’) hold. 
If A,,,,1 of (E) is nonempty, so is Alklzl of Eq. (7 )-it should be remembered 
that k is odd for (Ei) and (Eiv) and even for (Eii) and (E,,,) due to the parity 
condition. 
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